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Gauge-Invariant QCD formulation against elastic pp
scattering at the ISR energies.
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Abstract. A recent QCD formulation that is non-perturbative, finite, gauge-invariant, exact emerged from Schwinger’s Generating
Functional. A first test of the validity of this formulation is provided here against elastic proton-proton scattering at the Intersecting
Storage Rings (ISR) energies. Extension to LHC energies is currently underway.
INTRODUCTION
A recent formulation by H.M. Fried1, Y. Gabellini, T. Grandou1, R. Hofmann1, Y.M. Sheu, P.H. Tsang1, obtained
analytic, finite, gauge-invariant, non-perturbative equations for QCD processes, [1]-[6]. Starting with the Schwinger
Generating Functional,
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where the quark line, Gc[x, y|A] = [m + γ · (δ − igAτ)]
−1 and the virtual quark loop, L[A] = ln[1 − iγAτc[0]], using
a reprocity relation [1]-[6], the F2 field strength is then replaced with Halpern’s linear expression in F, e−
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F·χ [17]. Fradkin’s gaussian representation for G[A] and L[A] is used [15][16]. Experimentally,
quarks do not have static transverse coordinates, and thus, the quark coordinates are to be written as a distribution,∫
d4x ψ¯(x)γµA
a
µ(x)τaψ(x), where
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and x′µ = (x
′
⊥, xL, x0). The probability of finding two quarks separated by a transverse (or impact parameter) distance
is then f (b) =
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(2π)2
eiqb |a˜(q)|2, where we choose f (b) = f (0) e−(µb)
2+ξ
with deformation parameter ξ real and small2.
All QCD processes can now be expressed as gaussian differential operations acting upon gaussian potentials in
A, [1]-[6],
(2)
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]. As can be seen, QCD processes calculated from this formulation is gauge-invariant,
non-perturbative, finite and exact. A new important property of Effective Locality3 emerged and will be discussed
in detail by T. Grandou. All gluons exchanged, called the Gluon Bundle (GB), between two quarks are summed as
( f · χ)−1. G[A], L[A] and ( f · χ)−1, become the elements out of which all QCD processes can be calculated.
1presenting at this conference.
2H.M.Fried’s talk in this conference will go into details.
3T. Grandou’s talk in this conference will explain Effective Locality in details.
Renormalization and sum of all physical processes
FIGURE 1: The only choice for n in δn · ℓ = finite that results in physical structures is n = 2. This case is the second
column, where two Gluon Bundles (GBs) and connected to a single closed-quark-loop (CQLs).
In order to make comparisons with experiments, Gluon Bundles (GB) and closed-quark-loops (CQLs) need to
be renormalized. The δ inside the Fradkin representation where a gluon bundle connects to a closed-quark-loop are
to vanish while each closed-quark-loop is UV log divergent, or ℓ and → ∞. Renormalization becomes a problem
of finding a value for n such that δn · ℓ becomes finite. As shown in Figure 1, in the first column where n = 1, all
subsequent structures composed using n = 1 results in graphs identical to 0. In the third column where n = 3, graphs
FIGURE 2: Renormalization with n = 2 where δn · ℓ ≡ κ = finite. Only linear chain-loop-terms become physical and
non-zero. All other graphs are explicitly zero, 0.
with fewer than 3 vertices are divergent while graphs with more than 3 vertices are exactly 0. All graphs at the 4th
column or beyond will only result in divergent quantities. Only at n = 2, the second column, results in physical
amplitudes. It is with this choice n = 2 for δn · ℓ = κ finite that we proceed to compare with experiments.
The cluster expansion in Figure 2 is used to express the summation of all configurations of GBs and CQL, [4].
With our renormalization scheme of δ2 · ℓ = κ where κ is finite, we can see that for each term of the cluster expansion
Qi, only the chain-loop-terms (in bold) are non-zero. Thus, the entire amplitude becomes a finite geometric sum of all
the chain-loop-terms as shown in Figure 2.
At this stage, a two-body approximation instead of the full six-quark problem is used for ease of computation. In
the two-body approximation, a phenomenological energy dependence of (mext/E)
2p, is used, with the understanding
that it can be derived in the full six-body case. The resulting differential cross-section from summing all the GBs and
chain-loop-terms in Figure 2 is then,
dσ
dt
(E, q2) = K
[
g2β
(
mext
E
)2p]2[ 1
4π
(9 × 3 × 4)
(
mext
E
)2p
e−(3q
2/8m2ext) −
(9 × 3 × 8) Aext(q
2)
1 + β2g2A2
int
(q2)
]2
(3)
where Aint/ext(q
2) = κ (q2/m2
int/ext
) e
−(q2/4m2int/ext). The coefficients (9× 3× 4) and (9× 3× 8) are for all possible ways
two Gluon Bundles, and chain-loop-terms, respectively, can connect between the 3 quarks from one proton to the 3
quarks from the second proton, while preserving color charge. β is the sum over the S U(3) angles, g is the coupling
constant, K is the conversion factor from GeV2 to millibarns.
Comparing theory with ISR experiments
FIGURE 3: Differential cross section of elastic pp scattering at ISR energies from 24 GeV to 63 GeV
The first term on the R.H.S of Equation 3 results from Gluon Bundles exchanged between the quark of one
proton with the quark of the other proton. This contributes to the left part (left of the diffraction dip) of the ISR curves,
Figure 3. The second term on the R.H.S. of Equation 3 results from the summation of all chain-loop-terms.
We list the values of the fixed parameters of Equation 3: K = 0.44 mb GeV−2, g = 7.6, β = 0.30, mext = 0.28
GeV ≃ 2mπ, mint = 0.44 GeV ≃ 3mπ, p = 0.14 and κ = 5.22 10
−6
We expect that, with the exception of K and κ, these parameters may have a slight dependence on energy, as it
increases from ISR to LHC values, and higher; and that such changes would be due to our two-body approximation
of this six-quark scattering reaction.
ACKNOWLEDGMENTS
This work is supported by a grant from The Julian Schwinger Foundation.
REFERENCES
[1] H.M. Fried, Y. Gabellini, T. Grandou, Y.M. Sheu, Eur. Phys. J. C 65, 395 (2010),
http://arxiv.org/abs/0903.2644
[2] H.M. Fried, M. Gattobigio, T. Grandou, Y.M. Sheu, http://arxiv.org/abs/1003.2936
H.M. Fried, Y. Gabellini, M. Gattobigio, T. Grandou, Y.M. Sheu, AIP Conf. Proc. 1317 pp. 174-176 (2010)
http://doi.org/10.1063/1.3536553
[3] H.M. Fried, Y. Gabellini, T. Grandou, Y.M. Sheu, http://arxiv.org/abs/1103.4179
[4] H.M. Fried, Y. Gabellini, T. Grandou, Y.M. Sheu, http://arxiv.org/abs/1104.4663
[5] H.M. Fried, T. Grandou, Y.M. Sheu, Ann. Phys. 327, 2666 (2012), http://arxiv.org/abs/1204.2038
[6] H.M. Fried, Y. Gabellini, T. Grandou, Y.M. Sheu, Ann. Phys. 338, 107 (2013), http://arxiv.org/abs/1203.6137
[7] H.M. Fried, Modern Phys. Letts. A 28, 1230045 (2013), http://dx.doi.org/10.1142/S0217732312300455
[8] H.M. Fried, T. Grandou, Y.M. Sheu, Ann. Phys. 344, 78 (2014), http://arXiv.org/abs/1207.5017
[9] H.M. Fried, P.H. Tsang, Y. Gabellini, T. Grandou, Y.M. Sheu, Ann. Phys. 359, 1 (2015),
http://arxiv.org/abs/1412.2072
[10] U. Amaldi, K. Schubert, Nucl. Phys. B 166, 301 (1980), http://dx.doi.org/10.1016/0550-3213(80)90229-1
[11] M. Ambrosio, C.N.P.S.B. Collaboration) et al., Phys. Lett. B 115, 495 (1982),
http://dx.doi.org/10.1016/0370-2693(82)90400-2
[12] N. Amos et al., Nucl. Phys. B 262, 689 (1985), http://dx.doi.org/10.1016/ 0550-3213(85)90511-5
[13] A. Breakstone, A.B.C.D.H.W. Collaboration) et al., Nucl. Phys. B 248, 253 (1984),
http://dx.doi.org/10.1016/0550-3213(84)90595-9
[14] V. Barone and E. Predazzi, "High Energy Particle Diffraction", Springer, 2002
[15] E. Fradkin, Dokl. Akad. Nauk. SSSR 98, 47 (1954), http://www.osti.gov/scitech/biblio/4405806
[16] E. Fradkin, Nucl. Phys. 76, 588 (1966), http://dx.doi.org/10.1016/0029-5582(66)90200-8
[17] M. Halpern, Phys. Rev. D 16, 1798 (1977), http://link.aps.org/doi/10.1103/PhysRevD.16.1798
[18] M. Halpern, Phys. Rev. D 16, 3515 (1977), http://link.aps.org/doi/10.1103/PhysRevD.16.3515
[19] T. Grandou, Eur. Phys. Lett. 107, 11001 (2014), http://arxiv.org/abs/1402.7273
[20] T. Grandou, H. Fried, R. Hofman, Int. J. Mod. Phys. A, vol.31, Nos 20-21,1650120 (2016),
http://arxiv.org/abs/1504.05502
[21] P.H. Tsang, PhD dissertation, Brown University, Department of Physics (2016)
[22] M.L. Mehta, Random Matrices, Third Edition, Academic Press, 2004
